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Abstract
We study the constraints imposed by conformal symmetry on the equations of fluid dynamics
at second order in gradients of the hydrodynamic variables. At zeroth order conformal symmetry
implies a constraint on the equation of state, E0 = 23P , where E0 is the energy density and P is the
pressure. At first order, conformal symmetry implies that the bulk viscosity must vanish. We show
that at second order conformal invariance requires that two-derivative terms in the stress tensor
must be traceless, and that it determines the relaxation of dissipative stresses to the Navier-Stokes
form. We verify these results by solving the Boltzmann equation at second order in the gradient
expansion. We find that only a subset of the terms allowed by conformal symmetry appear.
I. INTRODUCTION
There has been great interest recently in the dynamics of conformally invariant fluids.
One motivation is the observation that the AdS/CFT correspondence [1], which relates the
dynamics of a four-dimensional conformal field theory to quantum gravity in ten dimensions,
also implies a fluid-gravity correspondence [2–4]. The fluid-gravity correspondence relates
solutions of the Navier-Stokes equation for conformally invariant fluids in four dimensions
to dynamical black hole solutions of the Einstein equations in higher dimensions. The fluid-
gravity correspondence has been used to establish the form of second order terms in the
equations of relativistic fluid dynamics [3, 5]. The correspondence has also been extended to
certain non-conformal fluids [6], superfluids [7, 8] , and to the incompressible non-relativistic
Navier-Stokes equation [9].
Another motivation comes from the experimental discovery of nearly perfect fluidity in
certain conformal or almost conformal fluids [10]. The first example is the observation of
nearly ideal flow of the quark gluon plasma produced in heavy ion collisions at the relativistic
heavy ion collider (RHIC) [11]. This discovery was soon followed by the discovery of nearly
ideal fluid dynamics in a very different system, the dilute Fermi gas at unitarity [12]. Both
the quark gluon plasma and the dilute Fermi gas are characterized by a very small shear
viscosity to entropy density ratio, η/s ∼< 0.4~/kB [13–19]. This result is close to the value
η/s = ~/(4πkB) obtained in the strong coupling limit of a super-conformal Yang Mills
plasma [20, 21].
In the present work we will focus on the dilute Fermi gas and study the hydrodynamics
of a scale invariant non-relativistic fluid. At unitarity the two-body scattering length of the
fermions is infinite and the range of the interaction is zero. This implies that the system
is exactly scale invariant [22–24]. Hydrodynamics is an effective theory that governs the
behavior of the system at long distances. The equations of motion are organized as an
expansion in the number of derivatives acting on the hydrodynamic variables. In the case of
a one-component non-relativistic fluid the hydrodynamic variables are the temperature T ,
the density n, and the fluid velocity ~V . At zeroth order in the gradient expansion conformal
symmetry implies a constraint on the equation of state, E0 = 23P , where E0(n, T ) is the
energy density and P (n, T ) is the pressure. At first order, conformal symmetry implies that
the contribution of the divergence of the velocity field to the pressure, δP = ζ(∇ · V ), must
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vanish [25–27]. This means that the bulk viscosity ζ of a scale invariant fluid is zero. In this
work we will study constraints from conformality at second order in the gradient expansion.
Second order hydrodynamics has a long history [28–30] but the theory is rarely used in
practice. An important exception is the relativistic case, where the second order theory has
the advantage of being manifestly causal [31]. There is a similar reason for using second order
hydrodynamics in certain non-relativistic flows. The expansion of a scale invariant fluid after
the release from a harmonic trap leads to a Hubble-like flow in which the expansion velocity
is linear in the coordinates [18]. This implies that ideal stresses propagate outward with a
finite velocity, but at first order in gradients dissipative stresses build up instantaneously
everywhere in space. This unphysical behavior can be avoided by taking into account a
finite relaxation time for the dissipative stresses. We will show that relaxation time effects
appear naturally at second order in the gradient expansion.
There are additional reasons for studying higher order terms in the equations of fluid
dynamics. Higher order terms provide information about the convergence of the gradient
expansion, and they lead to new Kubo relations. In the relativistic case it is known that
some of these Kubo formulas relate transport properties to thermodynamic quantities [32].
Finally, understanding the structure of the gradient expansion may help in constructing
holographic duals of non-relativistic conformal field theories [33–35]. The paper is structured
as follows. In Sect. II we review a local extension of Galilean and conformal invariance and
study constraints on the structure of gradient terms in fluid dynamics. In Sect. III we
consider a specific kinetic equation and solve for the stress tensor and the entropy current
at second order in gradients. We show that the result agrees with the general constraints,
but that the kinetic theory only generates a subset of the allowed terms. We conclude with
a discussion of open questions.
II. CONFORMAL HYDRODYNAMICS
A. Navier-Stokes equation
The constraints imposed by Galilean invariance and conformal symmetry on the structure
of the Navier-Stokes equation were studied by Son [25] based on earlier work by Son
and Wingate [22]. The basic strategy is to generalize Galilean and scale invariance to
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local symmetries. For this purpose we consider the fluid moving in a curved background
characterized by the metric gij(x, t). We also include background U(1) gauge fields A0(x, t)
and Ai(x, t). The Navier-Stokes equations in curved space are
1√
g
∂t (
√
gρ) +∇i
(
ρV i
)
= 0 , (1)
1√
g
∂t (
√
gρVi) +∇kΠki =
ρ
m
Qi , (2)
1√
g
∂t (
√
gs) +∇kks =
R
T
, (3)
where g = det(gij) and ∇i is the covariant derivative associated with the metric gij . The
hydrodynamic variables are the mass density ρ, the entropy density s, and the fluid velocity
V i. The energy momentum tensor is Πij = Π
0
ij + δΠij , where
Π0ij = ρViVj + Pgij (4)
is the ideal fluid part, and δΠij is the viscous correction. The entropy current is 
i
s = sV
i+δis,
and R is the dissipative function. We will specify the viscous terms δΠij , δ
i
s and R
below. The Lorentz force Qi is defined as Qi = Ei − FijV j with Ei = ∂tAi − ∂iA0 and
Fij = ∂iAj − ∂jAi.
B. Diffeomorphism invariance
The equations of fluid dynamics are invariant under a combination of local
diffeomorphisms xi → xi+ ξi(x, t) and gauge transformations A0 → A0− α˙, Ai → Ai− ∂iα.
This symmetry generalizes Galilean invariance. A Galilei transformation with boost velocity
U i corresponds to a flat background metric gij = δij and ξ
i = U it as well as α = mU ixi. The
hydrodynamic variables are invariant under gauge transformations. They transform under
diffeomorphisms as
δρ = −ξk∇kρ , (5)
δs = −ξk∇ks , (6)
δV i = −ξk∇kV i + V k∇kξi + ξ˙i . (7)
We note that ρ and s transform as scalars, but Vi does not transform as a vector. We have
δV i = LξV i + ξ˙i, where Lξ is the Lie derivative and ξ˙i is an “extra” term. The gauge fields
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and the metric transform as
δA0 = −ξk∇kA0 −Akξ˙k , (8)
δAi = −ξk∇kAi −Ak∇iξk +mgikξ˙k , (9)
δgij = −gik∇jξk − gkj∇iξk . (10)
Using the transformation laws for the gauge fields we can deduce the transformation
properties of the field strengths and the Lorentz force. We find
δEi = LξEi + Fikξ˙k +mg˙ikξ˙k +mgikξ¨k , (11)
δFij = LξFij +mgjk∇iξ˙k −mgik∇j ξ˙k , (12)
δQi = LξQi +m
(
g˙ikξ˙
k + gikξ¨
k + Vk∇iξ˙k − gikV j∇j ξ˙k
)
. (13)
Using these ingredients we can verify that the hydrodynamic equations (1-3) are invariant.
We note that under diffeomorphisms the ideal parts of the momentum and entropy currents
do not transform as vectors, and the ideal part of the stress tensor does not transform as a
tensor. The extra terms in the transformation laws are canceled by terms that arise from
the time derivatives of the conserved charges and the Lorentz force. In order to maintain
diffeomorphism invariance beyond the level of ideal hydrodynamics dissipative corrections
to the entropy current and the stress tensor have to transform as vectors and second rank
tensors, respectively.
At first order in gradients dissipative terms involve the heat current and the shear and
bulk stresses [36]. The heat current
qi = −∇i log(T ) , (14)
where ∇i is the covariant derivative, transforms as a vector under diffeomorphisms. The
shear and bulk stresses can be promoted to second rank tensors by adding extra terms
involving g˙ij [25]. We will show below that these terms automatically appear in kinetic
theory. We have
σij = ∇iVj +∇jVi + g˙ij − 2
3
gij〈σ〉 , (15)
〈σ〉 = ∇ · V + g˙
2g
(16)
where σij is the shear stress tensor and gij〈σ〉 is the bulk stress tensor.
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C. Conformal invariance
Conformal transformations are infinitesimal rescalings of the time variable, t→ t+β(t). A
non-relativistic scale transformation corresponds to β = bt combined with a diffeomorphism
generated by ξk = 1
2
bxk. Special conformal transformations are generated by β = −ct2,
ξk = −ctxk and α = −1
2
mcx2. An operator O is said to have conformal dimension ∆O = [O]
if
δO = −βO˙ −∆Oβ˙O . (17)
Examples of operators with well-defined conformal dimension are
[gij ] = −1 , [gij] = +1 , [A0] = +1 , [Ai] = 0 . (18)
We also have [O1O2] = [O1] + [O2] and [∂iO] = [O], but ∂tO does not, in general, have a
well-defined conformal dimension. The conformal dimensions of the hydrodynamic variables
are
[ρ] =
3
2
, [s] =
3
2
, [Vi] = 0 . (19)
We can now check under what conditions the equations of hydrodynamics are conformally
invariant. Two key relations are
δg˙ij = −βg¨ij + β¨gij ≡ δ∆=0(g˙ij) + β¨gij , (20)
and
δ
(
g˙
2g
)
= −β∂t
(
g˙
2g
)
− β˙
(
g˙
2g
)
+
3
2
β¨ = δ∆=1
(
g˙
2g
)
+
3
2
β¨ , (21)
where δ∆=dO denotes the transformation of a conformal operator O of dimension d. Using
equ. (20) and (21) we can show that the equations of fluid dynamics are conformally invariant
if
[Πij] =
3
2
, [(s)i] =
3
2
, [R] =
7
2
. (22)
These relations are satisfied in the case of ideal fluid dynamics (in ideal hydrodynamics
R = 0). At one derivative order we find [σij ] = 0, [qi] = 0 and δ〈σ〉 = δ∆=1〈σ〉 + 32 β¨. This
implies that
δΠij = −ησij , δ(s)i = κqi , (23)
are conformally invariant provided [η] = [κ] = 3
2
, but δΠij = −ζgij〈σ〉 violates conformal
invariance unless ζ = 0. We note that the conformal dimension of η and κ agree with their
naive scaling dimension.
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D. Second order terms: Building blocks
In order to construct the most general second order terms we begin by listing conformally
invariant building blocks, that is diffeomorphism invariant scalars, vectors, and tensors with
well-defined conformal dimensions. These objects are constructed from the hydrodynamic
variables T, P and V i, the metric gij and the gauge fields A0, Ai, and time or spatial
derivatives. Instead of T and P it is sometimes useful to consider T and the dimensionless
variable α = µ/T , where µ is the chemical potential, as independent quantities. We begin
with one-derivative scalars. Diffeomorphism invariant one-derivative scalars constructed
from the hydrodynamic variables are DT , DP and 〈σ〉, where D = ∂0 + V k∇k is the
comoving derivative. Because there are two scalar equations of motion only one of these
objects is linearly independent. Neither one of the one-derivative scalars has a well-defined
conformal dimension but we can construct conformal scalars by taking linear combinations.
The quantity
S =
(
D +
2
3
〈σ〉
)
T (24)
is a conformal scalar with dimension [S] = 2. We will show, however, that at leading order
in the derivative expansion S vanishes by the equations of motion. We can construct three
conformal vectors
V1i = ∇iT , V2i = ∇iP , V3i = DVi −
Qi
m
, (25)
with weights [V1i ] = 1, [V2i ] = 52 , and [V3i ] = 1. There is one vector equation of motion and,
up to higher order terms in the derivative expansion, V3 can be expressed in terms of V2.
There are two one-derivative tensors. The first is the shear tensor defined in equ. (15). The
second is related to the vorticity of the fluid. We have
T 1ij = σij , T 2ij ≡ Ωij = ∇iVj −∇jVi −
Fij
m
, (26)
with [T 1ij ] = [T 2ij ] = 0.
E. Second order terms: Stress tensor
In this section we list conformal two-derivative tensors that can contribute to the stress
tensor in a conformal theory. Rotational invariance implies that the stress tensor has to be
symmetric. We will argue below that in a conformal theory the dissipative part of the stress
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tensor also has to be traceless. One class of two-derivative tensors arises from contracting
two one-derivative tensors. We find
O1ij = σ k〈i σj〉k , O2ij = σ k〈i Ωj〉k , O3ij = Ω k〈i Ωj〉k . (27)
with [O1ij ] = [O2ij ] = [O3ij ] = 1. Here, O〈ij〉 = 12(Oij +Oji − 23gijOkk) denotes the symmetric
traceless part of Oij . There is a unique diffeomorphism invariant tensor of conformal
dimension +1 that can be constructed from the comoving derivative of σij . This tensor
is given by
O4ij = gikσ˙kj + V k∇kσij +
2
3
〈σ〉σij + F k(i σkj) , (28)
where O(ij) = 12(Oij + Oji). There is a set of conformal tensors that can be obtained as
the tensor product of two one-derivative tensors, or as two covariant derivatives acting on a
scalar. We find
O5ij = ∇〈iT∇j〉T , O6ij = ∇〈iP∇j〉P , O7ij = ∇〈iT∇j〉P , (29)
O8ij = ∇〈i∇j〉T , O9ij = ∇〈i∇j〉P , (30)
with [O5−9ij ] = {2, 5, 72 , 1, 52}. Finally, in curved space there is a two-derivative tensor
constructed only from the metric. This is the traceless part of the Ricci tensor,
O10ij = R〈ij〉 . (31)
We can compare this list with the analogous result in the relativistic case [5]. In relativistic
fluid dynamics there are five second order terms (four in flat space). Three of those are
analogous to O1ij−O3ij , and one is similar to O4ij . It is interesting to note that the relativistic
analog of equ. (28) has a coefficient 1
3
in front of 〈σ〉 instead of 2
3
. This difference is similar
to the difference between the relativistic and non-relativistic conformal equation of state,
E0 = 13P versus E0 = 23P . In a relativistic theory without conserved charges there are
only two hydrodynamic variables, T and the four-velocity Uµ, and as a result there are no
terms analogous to O6ij ,O7ij and O9ij . Finally, in the relativistic case there is only one linear
combination of O5ij and O8ij which is conformal, and that linear combination can be related
to O4ij using the equations of motion. We can also compare our result to the structure of the
Burnett equations [30]. The Burnett equations contain six independent two-derivative terms
in Πij . The reason that the number of independent terms is smaller despite the fact that
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there are no restrictions from conformal symmetry is that the Burnett equations are derived
from kinetic theory, which only leads to a subset of the terms allowed by the symmetries.
We end this section by showing that there are no trace terms in δΠij, despite the fact
that second order terms like gijσklσ
kl are conformal tensors. In Sec. IIIA we will show that
in a non-trivial background the equation of energy conservation is given be
1√
g
∂t (
√
gE) +∇kkǫ = −
1
2
g˙ijΠ
ij , (32)
where E = E0+ 12ρViV i is the energy density and iǫ = (E +P )V k+ δkǫ is the energy current.
Equ. (32) is conformally invariant if
E0 = 3
2
P , gijδΠij = 0 , (33)
which shows that the equation of state has to be conformal, and the dissipative part of the
stress tensor must be traceless.
F. Second order terms: Entropy current
In this section we will use the results of Sec. IID to construct two-derivative conformal
vectors that can contribute to the entropy current. There is one vectors that can be written
as the comoving derivative of a one-derivative vector
Q1i = Dqi , (34)
with [Q1i ] = 1. Note that D∇iα is not an independent vector, because it can be related to
Q1i and the vectors Q4,5i defined below using the hydrodynamic equation for Dα. We find
four vectors that can be written as contractions of one-derivative vectors with one-derivative
tensors
Q2i = qjσij , Q3i = qjΩij , Q4i = (∇jα)σij , Q5i = (∇jα)Ωij , (35)
with [Q2−5i ] = 1. Finally, there are two vectors that can be constructed from the covariant
derivative ∇i acting on one-derivative tensors,
Q6i = ∇jσij , Q7i = ∇jΩij , (36)
with [Q6,7i ] = 1. Again, the number of terms is bigger than the number of independent
parameters in the entropy current in the Burnett equation, which is five.
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III. KINETIC THEORY
A. Conservation laws
In this section we will investigate the structure of higher order terms starting from the
Boltzmann equation. Our motivation is three-fold: i) We will verify that the results indeed
satisfy the constraints derived in the previous section; ii) we will show that kinetic theory
(within the relaxation time approximation) only leads to a subset of the allowed terms; iii)
we will demonstrate that this subset manifestly satisfies the second law of thermodynamics.
The kinetic equation in a curved background gij(x, t) can be found by starting from the
Boltzmann equation in a four-dimensional curved space [37–39]
1
p0
(
pµ
∂
∂xµ
− Γiαβpαpβ
∂
∂pi
)
f(t, x, p) = C[f ] , (37)
where f(t, x, p) is the distribution function, C[f ] is the collision term, Γαµν is the Christoffel
symbol associated with the four-dimensional covariant derivative ∇µ, i, j, k are three-
dimensional indices and µ, α, β are four-dimensional indices. In the non-relativistic limit
[22]
Γiαβp
αpβ = Γijkp
jpk − 1
m
Eip0p0 +
1
m
gilFlkp
kp0 + gilg˙lkp
kp0 , (38)
where p0 ≃ m, Ei is the electric field and Flk is the magnetic field introduced in Sect. IIA.
In the following we will drop the Lorentz force (these terms can always be restored using
the symmetries described in Sect. II B). We get
Df(t, x, p) = C[f ] , (39)
where we have defined the Boltzmann operator
D = ∂
∂t
+
pk
m
∂
∂xk
− Γ
i
jkp
jpk
m
∂
∂pi
− gilg˙lkpk ∂
∂pi
. (40)
Consider a collision term that describes elastic two-body collisions p1 + p2 → p3 + p4. The
symmetries of the collision term imply that∫
dΓ
√
g χC[f ] =
1
4
∫
dΓ
√
g fC[χ1 + χ2 − χ1′ − χ2′ ] , (41)
where dΓ = d3p and χi ≡ χ(pi). This implies that moments of the collision term with regard
to the collision invariants χ = m, pi, gijp
ipj/(2m) must vanish. We will denote averages over
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the momentum distribution as
〈A〉 =
∫
dΓ
√
gf A . (42)
We define the conserved charges and currents as
ρ = 〈m〉 , πk = 〈pk〉 , E = 1
2m
〈
gijp
ipj
〉
, (43)
Πij =
1
m
〈
pipj
〉
, iǫ =
1
2m2
〈
pigjkp
jpk
〉
. (44)
The three collision invariants lead to three conservation laws. The first conservation law is
obtained by taking a moment of the Boltzmann with χ = m. We get
0 =
∫
dΓ
√
g mDf(t, x, p)
=
∂ 〈m〉
∂t
− g˙
2g
〈m〉+ ∂k
〈
pk
〉− ∂kg
2g
〈
pk
〉− ∂
∂pi
〈
Γijkp
jpk +mgilg˙lkp
k
〉
+
〈
2Γijip
j +
mg˙
g
〉
=
∂t
(√
gρ
)
√
g
+∇kπk . (45)
The momentum equation follows from taking a moment with χ = gijp
j ,
0 =
∫
dΓ
√
g gijp
j Df(t, x, p) = ∂t
(√
gπi
)
√
g
+∇kΠki . (46)
and the energy follows from integrating over χ = gijp
ipj/(2m),
0 =
1
2m
∫
dΓ
√
g gijp
ipj Df(t, x, p) = ∂t
(√
gE)√
g
+∇kkǫ +
1
2
g˙ijΠ
ij . (47)
This is the result we have used in equ. (32) above. In order to determine the form of the
currents in terms of the hydrodynamic variables we need to know the functional form of the
distribution function near equilibrium. We will see shortly that f(x, p, t) = f (0)(gijc
icj) with
ci(x, t) = vi − Vi(x, t) and vi = pi/m. Then
πi = ρVi , Πij = ρViVj + Pgij , 
i
ǫ =
(
E0 + P + 1
2
ρVjV
j
)
V i , (48)
with E0 = 12〈m(v − V )2〉 and P = 23E0. We can now use the thermodynamic relation
dE0 = Tds+ µmdρ to determine the entropy equation. We get
∂t
(√
gs
)
√
g
+∇k
(
sV k
)
= 0 . (49)
This result can also be derived directly from the Boltzmann equation. Computing
the moment of the Boltzmann equation with regard to log(f) (for classical particles,
10
log(f/(1± f)) for Bose/Fermi statistics) we obtain equ. (3) with the entropy density given
by
s =
∫
dΓ
√
g
[
f log
(
1 + af
f
)
+ a log (1 + af)
]
, (50)
and the dissipative function
R
T
=
∫
dΓ
√
g log
(
f
1 + af
)
C[f ] , (51)
with a = 0,±1 for classical, Bose and Fermi statistics, respectively. In the case of
classical statistics equ. (51) implies that R vanishes provided the distribution function is
an exponential of the collision invariants. The same result holds for quantum statistics,
with the exponential replaced by Bose-Einstein or Fermi-Dirac distribution functions. This
implies that
f (0)(t, x, p) = f (0)
(
gij(t, x)c
i(t, x)cj(t, x)
2mT (t, x)
− α(t, x)
)
, (52)
where f (0) is the Maxwell, Bose-Einstein, or Fermi-Dirac distribution and α = µ/T .
B. First order solution
In this section and the next we will obtain a solution of the Boltzmann equation to second
order in the gradients of the hydrodynamic variables. We write the distribution function as
f = f (0) + δf = f (0) + f (1) + f (2) + . . . , (53)
where f (i) contains terms with i gradients. Since we are interested in the structure of the
terms that appear in δf , and not in computing the values of transport coefficients for a
specific theory, we will consider a very simple choice for the collision term, the relaxation
time approximation
C[f ] = −δf
λ
. (54)
Conformal invariance implies that λ must have conformal dimension 1. This is physically
reasonable, since λ has units of time. The collision term conserves mass, momentum, and
energy. These conservation laws constrain the form of δf . We have∫
dχc δf = 0 ,
∫
dχc δf c
i = 0 ,
∫
dχc δf gijc
icj = 0 , (55)
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where we have defined dχc =
√
g d3c/(2π)3. The constraints imply that the correction to
the stress tensor due to δf is given by
δΠij =
∫
dχc δf p
ipj =
∫
dχc δf
(
cicj − 1
3
gijc2
)
(56)
where c2 ≡ gijcicj and from now on we will use units m ≡ 1. In order to compute f (1)
we will follow the procedure of Chapman and Enskog [40, 41] and compute the LHS of the
Boltzmann equation using the zero’th order solution equ. (52). We find
Df (0) = −f
(0)(1 + af (0))
2T
(
cicj g˙ij + 2c˙
icjgij + p
kcicj∂kgij + 2p
kcjgij∂kc
i
− 2gikΓijlpjplck − 2g˙kjpjck − gijcicj
(
∂t log T − pkqk
)− 2T (α˙+ pk∂kα)
)
.(57)
Using c˙i = −∂tVi, ∂jci = −∂jVi, and pi = ci + Vi we obtain
Df (0) = f
(0)(1 + af (0))
2T
{(
2T α˙+ 2TV k∂kα
)
+ 2ci
(
V˙i + V
k∇kVi + T∂iα− a1qi
2
)
+ c2
(
∂t log T − V iqi + 2
3
(
∇ · V + g˙
2g
))
+
[
cjck − 1
3
gjkc2
](
∇jVk +∇kVj + g˙kj − 2
3
gjk
(
∇ · V + g˙
2g
))
− c2ckqk + a1ckqk
}
, (58)
where, in order to make the constraints equ. (55) manifest, we have added and subtracted
the term a1c
kqk. The first three terms in equ. (58) are proportional to the collision invariants
and must vanish by the equations of motion in order to satisfy the constraints. The fourth
term, which is proportional to cicj− 13c2gik, automatically satisfies the constraints. The fifth
term, proportional to c2ck, satisfies the constraints when combined with a1c
k term. This
implies ∫
dχc f
(0)(1 + af (0))
(
c4 − a1c2
)
= 0 . (59)
Using the thermodynamic identities derived in App. A we find a1(t, x) = 5P (t, x)/n(t, x).
For a Maxwell gas the equation of state is P = nT and a1 = 5T . The terms proportional
to the collision invariants 1, ci and c
2 involve time derivatives of the hydrodynamic variables
12
α, T and Vi. They are easily seen to vanish by the Euler equations
0 = n˙+ V k∂kn + n
(
∇ · V + g˙
2g
)
, (60)
0 = V˙i + V
k∇kVi + ∂iP
n
, (61)
0 = E˙0 + V k∂kE0 + (E0 + P )
(
∇ · V + g˙
2g
)
. (62)
We can now solve the first order Boltzmann equation Df (0) = C[f (0) + f (1)] for f (1). Using
equ. (54) we find
f (1) = −λf
(0)(1 + af (0))
2T
(
cicjσij −
(
c2 − a1
)
ckqk
)
, (63)
where σij is the shear tensor defined in equ. (15). Using the result for f
(1) we can compute
the dissipative corrections to Πij and 
i
s. We find δΠij = −ησij and δis = κqi. We note that
the solution of the Boltzmann equation in curved space automatically leads to a conformal
and diffeomorphism invariant stress tensor and entropy current. The shear viscosity and
thermal conductivity are given by
η =
λ
15T
∫
dχc f
(0)
(
1 + af (0)
)
c4 , (64)
κ =
λ
12T 2
∫
dχc f
(0)
(
1 + af (0)
) (
c2 − a1
)
c4 . (65)
Using the results in App. A we can show that η = λP and κ = λ
12T
(7Q − 75P 2/n), where
Q = 〈c4〉. In the case of a Maxwell gas the result for the shear viscosity reduces to the
familiar form η = λnT . In this limit we also find κ = 5
2
λnT , which corresponds to a Prandtl
ratio Pr = cpη/κ = 1. Note that this result is a consequence of the simple form of the
collision term in equ. (54). In a more complete treatment the high temperature limit of the
Prandtl ratio is Pr = 2
3
[42]. Finally, the dissipative function R is given by
R =
η
2
σijσ
ij + κTqiq
i , (66)
which is manifestly positive for λ ≥ 0.
C. Second order solution
At second order in the derivative expansion the Boltzmann equation reduces to
Df (1) +
(
Df (0) + f
(1)
λ
)
= −f
(2)
λ
. (67)
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We note that (Df (0) + 1
λ
f (1)) vanishes at first order. At second order we have to include
gradient terms in the equation of motion and this term is not zero. The Boltzmann operator
acting on f (1) gives
Df (1) = −λf
(0)(1 + af (0))
2T
{
β
(
cicjσij −
(
c2 − a1
)
ckqk
)2
+
(
cicjσij −
(
c2 − a1
)
ckqk
)(
D log(λ)−D (log T )
)
+D (cicjσij − (c2 − a1) ckqk)
}
, (68)
where we have defined β = (1 + 2af (0))/(2T ). We will decompose this expression as
Df (1) = (Df)orth + (Df)scal + (Df)zm , (69)
where (Df)orth are terms that are orthogonal to the zero modes of the collision operator,
(Df)scal is orthogonal to the zero modes but does not contribute to the conserved currents
Πij and iǫ, and (Df)zm contains terms that are proportional to the zero modes. This means
that (Df)zm must cancel against (Df (0) + 1λf (1)). Before we check this we collect the terms
in (Df)orth . We get
(Df)orth = −λf
(0)(1 + af (0))
2T
{
β
[
cicjckclσijσkl − 2
15
c4σ2
]
+ a21β
[
cicjqiqj − c
2q2
3
]
+ β
[
c4cicjqiqj − c
6q2
3
]
− 2a1β
[
c2cicjqiqj − c
4q2
3
]
+ 2a1
[
βcicjckσijqk − ciqkσki
]− 2 [βc2cicjckσijqk − 7a1
5
ciqkσ
k
i
]
+
[
cicjσij − c2ciqi + a1ciqi
] (
D log(λ)− ∂t log T + V kqk
)
+
[
cicjckσijqk − 2a1
5
ciqkσ
k
i
]
−
[
c2cicjqiqj − c
4q2
3
]
+
[
a1c
icjqiqj − a1c
2q2
3
]
+
[
cicjck − 2a1
5
cigjk
]
(∇kσij + σijqk)−
[
c2cicj − g
ijc4
3
]
∇iqj
+
[
c2ck − a1ck
](
qi∇kVi + g˙ikqi − q˙k − V i∇iqk + 2〈σ〉
3
qk
)
+
[
cicj − g
ijc2
3
](
gjkσ˙
k
i + V
k∇kσij + a1∇iqj − σikσkj − Ωikσkj −
2σij〈σ〉
3
+ 2
(
V˙i + V
k∇kVi
)
qj + qi∂ja1
)}
. (70)
The terms in the square brackets are automatically orthogonal to the zero modes. As in
the previous section this is achieved by adding and subtracting terms. Subtraction terms
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that are proportional to the zero modes are collected in (Df)zm . The remaining terms are
collected in (Df)scal . We have
(Df)scal = −λf
(0)(1 + af (0))
2T
{
2βσ2
15
[
c4 − b41c2 − b40
]
+
βa21q
2
3
[
c2 − b21c2 − b20
]
+
βq2
3
[
c6 − b61c2 − b60
]− 2βa1q2
3
[
c4 − b41c2 − b40
]
−q
2
3
[
c4 − d1c2 − d0
]− ∇iqi
3
[
c4 − d1c2 − d0
]}
. (71)
The constants b20, b21, b40, b41, b60, b61 and d1, d0 are analogous to the constant a1 defined in
equ. (59). We derive the relevant orthogonality relations in App. B. Finally, (Df)zm is given
by
(Df)zm = −λf
(0)(1 + af (0))
2T
{
a1Tq
i∂iα +
2b40
15
σ2 +
7d0
6
q2 − d0
3
∇iqi
+ c2
(
θ
3n
)[
−a1Tqi∂iα− 2b40
15
σ2 − 7d0
6
q2 +
d0
3
∇iqi
]
+ 2ci
[
σji ∂jP
n
+
P
n
∇kσki
]}
, (72)
where we have used the Euler equations to eliminate time derivatives of the hydrodynamic
variables. This is consistent at this order in the derivative expansion. The parameter θ is
defined in App. A (for a Maxwell gas θ = n/T ). We now use the Navier-Stokes equations
0 = 2T α˙+ 2TV k∂kα
+ λ
[
a1Tq
i∂iα +
2b40
15
σ2 +
7d0
6
q2 − d0
3
∇iqi
]
, (73)
0 = V˙i + V
k∇kVi + T∂iα− a1qi
2
+ λ
[
σji ∂jP
n
+
P
n
∇kσki
]
, (74)
0 = ∂t log T − V iqi + 2
3
(
∇ · V + g˙
2g
)
+ λ
(
θ
3n
)[
−a1Tqi∂iα− 2b40
15
σ2 − 7d0
6
q2 +
d0
3
∇iqi
]
, (75)
to confirm that (Df)zm + (Df (0) + 1λf (1)) = 0. Solving equ. (67) for f (2) we get
f (2) = −λ [(Df)orth + (Df)scal ] . (76)
where (Df)orth and (Df)scal are defined in equ. (70) and (71). We note that (Df)orth depends
on D log(λ). This term is necessary in order to respect conformal invariance. Dimensional
analysis implies that λ = T−1h(α) for some undetermined function h. Using the Euler
equation we can then show that D log(λ) = 2
3
〈σ〉.
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D. Stress tensor and entropy current at second order
Using the result for f (2) obtained in the previous section we can compute the dissipative
correction to the stress tensor at second order in the gradient expansion. As discussed above
only (Df)orth contributes to the conserved currents. We will write f (2)orth = −λ(Df)orth . We
can simplify f
(2)
orth
by combining some terms, and by using the Euler equation. We find
f
(2)
orth =
λ2f (0)(1 + af (0))
2T
{
β
[
cicjckclσijσkl − 2
15
c4σ2
]
+
(
c2 − a1
) (
βc2 − a1β − 1
) [
cicjqiqj − c
2q2
3
]
+
[
cicjσij − c2ciqi + a1ciqi
] 2
3
〈σ〉+ 2 (a1β + 1− βc2) cicjckσijqk
+
[
cicjck − 2a1
5
cigjk
]
∇kσij +
[
c2ck − a1ck
] (
qi∇kVi + g˙ikqi − q˙k − V i∇iqk
)
+
[
cicj − g
ijc2
3
](
gjkσ˙
k
i + V
k∇kσij − σikσkj − Ωikσkj
+
(3n2 − 5Pθ)T
n2
qi∂jα−
(
c2 − a1
)∇iqj)
}
. (77)
The stress tensor can be determined using equ. (56). The result is
δΠij(2) = λη
(
σikσjk −
gij
3
σ2
)
− 4λ
2
5
∇(i
(
κT
λ
qj)
)
+
4λ2gij
15
∇k
(
κT
λ
qk
)
+ λη
(
gjkσ˙ik + V
k∇kσij + 2
3
〈σ〉σij − Ω(ikσj)k
)
. (78)
This result is in agreement with the general form of δΠij derived in Sect. II E. We note
that some of the terms allowed by symmetry vanish in the kinetic theory calculation. This
includes the Ωi kΩ
jk structure and the ∇iP∇jP and ∇i∇jP terms. The kinetic theory also
does not give a pure curvature term proportional to Rij . We also note that the coefficient
of the gjkσ˙ik term can be written as τRη, where τR is the relaxation time for the dissipative
stresses. Our result shows that τR = λ = η/P . This result is in agreement with the
calculation of spectral function of the stress tensor in [43], and with previous work on
relaxation effects in dilute Bose and Fermi gases [44, 45].
Finally, we compute dissipative corrections to the entropy current and the dissipative
function. We will use the expression for is and R that are obtained by taking moments
of the Boltzmann equation with log(f/(1 + af)), see Sect. IIIA. As a consequence of the
H-theorem these equations automatically satisfy the second law of thermodynamics. This is
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no longer the case if the result is expanded in derivatives of the thermodynamic variables.
The distribution function at second order in the gradient expansion determines R to third
order in gradients, and this expression is not manifestly positive. It is possible, however, to
add certain fourth order terms and obtain a manifestly positive result. This is the strategy
we have adopted. We find
is = κq
i − λ
(
27κqkσ
ki
10
− 2κ
5
∇kσki − κqkΩ
ik
2
+
κqi〈σ〉
3
+ κq˙i +
κgikg˙kjq
j
2
+ κV k∇kqi
)
, (79)
and
R
T
=
η
2
(
σ − λ
[
1
2
σσ − σΩ + 2
3
〈σ〉σ + σ˙ + V k∇kσ
])2
+ κT
(
q − λ
[
27qσ
20
− qΩ
2
+
q〈σ〉
3
+ q˙ + V k∇kq
])2
. (80)
In equ. (80) we have suppressed tensor indices. Contractions are defined as σσ = σikσ
k
j,
σΩ = σikΩ
k
j etc., and (σ)
2 = σijσ
ij . We note that the dissipative function is manifestly
positive provided the first order relations η ≥ 0 and κ ≥ 0 are satisfied, and that the
entropy current is of the form discussed in Sect. II F.
IV. OUTLOOK AND CONCLUSIONS
In this work we have studied the constraints imposed by conformal invariance on the form
of the hydrodynamic equations at second order in the gradient expansion. We find that the
most general form of the stress tensor is given by
δΠij = −ησij + ητR
(
gikσ˙
k
j + V
k∇kσij + 2
3
〈σ〉σij
)
+ λ1σ
k
〈i σj〉k + λ2σ
k
〈i Ωj〉k
+ λ3Ω
k
〈i Ωj〉k + γ1∇〈iT∇j〉T + γ2∇〈iP∇j〉P + γ3∇〈iT∇j〉P
+ γ4∇〈i∇j〉T + γ5∇〈i∇j〉P + κRR〈ij〉 , (81)
where we have suppressed terms involving the gauge fields. Conformal symmetry constrains
the form of the comoving derivative of σij and eliminates possible trace terms like gijσklσ
kl.
For phenomenological applications it is useful to rewrite the second order equations as a
relaxation equation for the viscous stress πij ≡ δΠij. For this purpose we use the first order
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relation πij = −ησij and rewrite equ. (81) as
πij = −ησij − τR
(
gikπ˙
k
j + V
k∇kπij + 5
3
〈σ〉πij
)
+ λ1π
k
〈i πj〉k + . . . , (82)
where . . . refers to the terms proportional to λ2,3, γi and κR. In deriving equ. (82) we have
also used η(n, T ) = nf(α), where f is a function of α, and the Euler equations for n and
α. Equ. (82) has the same structure as the second order equations considered by Israel and
Stewart [29], but the coefficient 5
3
is specific to the non-relativistic conformal case.
We have checked the conformal constraints by computing the dissipative contribution to
the stress tensor, the entropy current, and the dissipative function in kinetic theory. We
find that δΠij is indeed of the form given in equ. (81), but that some terms allowed by the
symmetries do not appear in kinetic theory. The relaxation time for the dissipative stresses
is given by τR = η/P . The entropy current and the dissipative function also satisfy the
conformal constraints. As in the case of the stress tensor, not all possible terms appear.
The relaxation time for the entropy current is equal to the viscous relaxation time.
There are a number of issues that we have not addressed in this paper. We have studied
the constraints that arise from conformal symmetry and Galilean invariance, but we have
not investigated the conditions that arise from the second law of thermodynamics. These
conditions should have the form of inequalities for the transport coefficients, analogous to
the first order relations η ≥ 0 and κ ≥ 0. In the kinetic theory calculation the second law
is satisfied automatically, but in the simple model considered here the transport coefficients
are all governed by a single relaxation time λ. We have also not attempted to derive Kubo
relations for the coefficients τR, λi, and γi. The analogous Kubo formulas in the relativistic
case were obtained in [32]. Finally, it would be interesting to compute the spectral functions
for the stress tensor and the energy current at second order in the derivative expansion.
These results would be useful in connection with attempts to compute transport coefficients
using Quantum Monte Carlo methods [46].
Acknowledgments: This work was supported in parts by the US Department of Energy
grant DE-FG02-03ER41260. We thank Dam Son for a useful discussion.
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Appendix A: Thermodynamic relations
In this appendix we collect a number of thermodynamic relations. In kinetic theory the
number density and the pressure are determined by equ. (43) and (44). We have
n(T, α) =
∫
dχc f
(0)
(
c2
2T
− α
)
, (A1)
P (T, α) =
1
3
∫
dχc c
2f (0)
(
c2
2T
− α
)
, (A2)
where dχc is defined below equ. (55) and we have set m = 1. We also define
Q(T, α) =
∫
dχc c
4f (0)
(
c2
2T
− α
)
. (A3)
We can now compute various differentials. Differentials of n are given by
∂n(T, α)
∂T
∣∣∣∣
α
= ∂T
{∫
dχcf
(0)
(
c2
2T
− α
)}
=
1
2T 2
∫
dχc c
2f (0)(1 + af (0)) =
3n
2T
, (A4)
∂n(T, α)
∂α
∣∣∣∣
T
= ∂α
{∫
dχc f
(0)
(
c2
2T
− α
)}
=
∫
dχc f
(0)(1 + af (0)) = θT , (A5)
where a = 0,±1 corresponds to Maxwell, Bose-Einstein and Fermi-Dirac distribution
functions, respectively. From the above relations we find
dn = θTdα +
3n
2
d (log T ) . (A6)
Differentials of the pressure can be computed in the same way. We get
∂P (T, α)
∂T
∣∣∣∣
α
=
1
3
∂T
{∫
dχc c
2f (0)
(
c2
2T
− α
)}
=
5P
2T
, (A7)
∂P (T, α)
∂α
∣∣∣∣
T
=
1
3
∂α
{∫
dχc c
2f (0)
(
c2
2T
− α
)}
= nT , (A8)
and
dP = nTdα +
5P
2
d (log T ) , dE0 = 3nT
2
dα +
15P
4
d (log T ) . (A9)
From E0 + P = µn+ Ts we obtain
∂s(T, α)
∂T
∣∣∣∣
α
= − 5P
2nT 2
+
5
2nT
∂P (T, α)
∂T
∣∣∣∣
α
− 5P
2n2T
∂n(T, α)
∂T
∣∣∣∣
α
= 0 , (A10)
∂s(T, α)
∂α
∣∣∣∣
T
= −1 + 5
2nT
∂P (T, α)
∂α
∣∣∣∣
T
− 5P
2n2T
∂n(T, α)
∂α
∣∣∣∣
T
=
3n2 − 5Pθ
2n2
, (A11)
and
ds =
3n2 − 5Pθ
2n2
dα . (A12)
For a Maxwell gas this relation becomes ds = −dα. The differential of Q is given by
dQ = 15PTdα+
7Q
2
d (log T ) . (A13)
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Appendix B: Orthogonality relations
In this appendix we collect the orthogonality relations that determine the coefficients
b20, b21, b40, b41, b60, b61 and d1, d0 introduced in Sec. IIIC. The coefficients b20, b21 are defined
by
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c2 − b21c2 − b20
)
, (B1)
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c4 − b21c4 − b20c2
)
. (B2)
These relations imply
b21 =
−nθ
3n2 − 5Pθ, b20 =
15(n2 − Pθ)
2(3n2 − 5Pθ) . (B3)
The remaining coefficients are determined analogously. We have
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c4 − b41c2 − b40
)
, (B4)
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c6 − b41c4 − b40c2
)
, (B5)
⇒ b41 = 5(3n
2 − 7Pθ)
2(3n2 − 5Pθ) , b40 =
15Pn
3n2 − 5Pθ , (B6)
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c6 − b61c2 − b60
)
, (B7)
0 =
∫
dχc f
(0)(1 + af (0))
(
1 + 2af (0)
2T
c8 − b61c4 − b60c2
)
, (B8)
⇒ b61 = 21(5nP −Qθ)
2(3n2 − 5Pθ) , b60 =
21(3nQ− 25P 2)
2(3n2 − 5Pθ) , (B9)
0 =
∫
dχc f
(0)(1 + af (0))
(
c4 − d1c2 − d0
)
, (B10)
0 =
∫
dχc f
(0)(1 + af (0))
(
c6 − d1c4 − d0c2
)
, (B11)
⇒ d1 = 45nP − 7Qθ
3(3n2 − 5Pθ) , d0 =
7nQ− 75P 2
3n2 − 5Pθ . (B12)
where the thermodynamic variables θ, n, P,Q are defined in the previous section.
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